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ABSTRACT. The study of delta fractional proportional differences on hZ as a bridge between
fractional calculus in the literature and on a time scale hZ. By use of time scale calculus
notation, we formulate delta fractional sums and differences on fractional difference operator.
The discrete h—Laplace transform and its convolution are used to study the newly introduced
fractional operators. Numerical examples with graphs are verified and generated by MATLAB.

1. INTRODUCTION

The fractional difference operator which plays a pivotal role in studying numerous systems and
has been widely applied in various areas of study [0} [IT], T3, [14]. The above theory found its advent
with the invention of the difference operator Ay, which is an extension of A. It helps in drawing the
higher partial sums on arithmetic, geometric progression and products of n-consecutive terms of
arithmetic progression [I5]. A better sense of direction in this field was given by Maria Susai Manuel
et.al., in 2011 with the extension of A to a-difference operator %), where u(k+£)—au(k) = %) u(k),

« o

[e3

£ > 0. Further development in this line of study was further complemented by the works of Britto
Antony Xavier et.al., [4, [5]. When ¢ = 1, the operator A; becomes A.

2. THE DELTA FRACTIONAL SUMS AND DIFFERENCES
Here, we present some basic definitions, notations and preliminaries.

Definition 1. Let u(t), ¢ € [0,00), be a real or complex valued function and h > 0 be a fixed shift
value. Then, the forward difference operator on hZ is defined as

~u(t+h) —u(t)

Apu(t) = T, (1)
and the backward difference operator on hZ is defined as
u(t) —u(t —h
Vau(t) = % (2)

For h =1, we get Au(t) = u(t + 1) — u(t) and Vu(t) = u(t) — u(t — 1) respectively.
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The forward jumping operator on the time scale hZ is o, (t) = t+h and the backward jumping
operator is py(t) =t — h. For a,b € R and h > 0, we use the notation N, j, = {a,a + h,a+2h, ..., }
and , ,N = {b,b— h,b—2h,...}.

Definition 2. Let u(t) and v(t) are the two real valued functions defined on (—o0,00) and if
Apv(t) = u(t) then the finite inverse principle law is given by

U(t)—v(t—mh):hiu(t—rh),m€Z+ (3)

and infinite h— difference sum is defined by
A tut) =h Z u(t +rh). (4)
r=0

Definition 3. [7] For h > 0 and v € R, the falling h-polynomial factorial function is defined by
, T(+1)

(v)
t,) =hY ———. 5
h L(f+1-v) (5)
I'(t+1
For h = 1, we get t*) = F(t(‘*‘—f—)V) The division by a pole yields zero.
Remark 4. Applying the Definition [1} we get the modified identities as follows:
(n+1)
. () _ (=) o A1)t
(i) Apty! =t (i) A = ﬁ (6)

Since the difference equation Apv(t) = wu(t) has two kinds of solution: one is closed form

solution of the form v(t) = A, 'u(t) and another one is summation form solution which is of the
t/h—1

form v(t) = > wu(ih). In this work, we verify the findings are equal numerically in both kind
i=a/h

of solutions. For getting the closed form solution for the product of two function, we need the

following the discrete integration by parts.

Lemma 5. [9] Let h > 0 and u(t), w(t) are real valued bounded functions. Then
(@) A (o) = u() Ay () = ATHAL v (on () Apu(t)). (7)
(i) Ay [olon () Apu(t)] = u(t)v(t) — u(t) Apo(?). (8)

In view[12], the equations and can be written as the following integration by parts
theorem.

Definition 6. (Integration by parts) Given two functions w,v : Ny j, = R and b,c € N, 5,,b < ¢,
then we have

(i) / w(t) Apv(t)Ant = u(t)u(t) :— / 0(on(8) Apu(t) At (9)
b b

(i4) / w(on () Anv(t)Ant = u(t)o(t) Z’ / v(t) Apu(t)Apt (10)
b b
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In case h = 1, we obtain the existing integration by parts theorem in [12].

Lemma 7. Let h >0, s € R and hs # —1. Then

1 t;a_,’_l
t—a h
_ 1 ot (1+hs>
aAh1< > = — . (11)
(l—l-hs)

1 t’:a +1
Proof. The proof follows by taking wu(t) = <1 —|—hs) in and applying ,A, ' on both

sides. O

Corollary 1. Let h >0, s € R and hs # —1. Then

t—mh—a

( : ) ( : ) i =
1+ hs 1+ hs i 1 —h
— = E _— . 12

Proof. The proof of follows by applying in . O

Example 8. For the particular values a = 2,h = 3,s = 4,t = 8 and m = 3, the corollary [I] is
verified by MATLAB, numerically LHS = RHS = 3.2485.

Lemma 9. Let s € T =N, 3, then for all t we have

M 1) !

Proof. The proof follows by using definitions and direct calculations,
t+h,s)—u(t
where Ap.qu(t,s) = u(t + ’8;1 u( ,s). .

Lemma 10. For the time scale T'= N, the delta Taylor polynomial is

(t —s)\™

hn(tvs) = nl ;

n € Ny (14)

Definition 11. [3] (Delta discrete Mittag-Leffler) For A € R, |A| < 1 and a, §, z € C with Re(a) >
0, the delta discrete Mittag-Leffler function is

© ot (= Da — 1)F) (2 + k(o — 1)) B-D
Blap(0v9) = 3 EHEZ D= 2 M= (15)

k=0
For f =1, we have

> z — 1)(a — 1))k

k=0
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Definition 12. (Delta h-discrete Mittag-Leffler) For A € R,|Ah%*| < 1 and «, S,z € C with
Re(a) > 0, the delta discrete Mittag-Leffler function is

0 5 — D — 1N, o —1)F-D
WEap) (A 2) = kzzo)\k( + (k= 1)( 1“1()2;;4 +<[3)+ k(o= 1)), _ (17)
For 8 =1, we have
) » o a— (ko)

k=0

Definition 13. [§] (Delta h—{ractional sums) For a function v : N, j, — R, the delta left h—{fractional
sum of order v > 0 is given by

B 1 o(t—vh) (v—1)
(@A) =y [ = onle) uls)Ans
1 t/h—v
= 37 (¢ — onlkh)y ™ Vu(kh)h. (19)
k=a/h

the delta right h—fractional sum of order v > 0 for u ;; , N — R is given by

- 1 : (v—1)
(WA u)(t) = 0, [ h)(ph(s) — 1) Vy(5) Vs
p(t+vh
1 b/h
T T ST (kb —on(®)) " Vulkh)h. (20)
k:t/h+y

Definition 14. (Delta h— RL fractional differences) The delta left h—fractional difference operator
of order v > 0 has the form
(Afu) (1) = (ARt " u) (1)

t/h—(n—v)
A} e
=Ty 2 = ontkh) T kb, ¢ € Nosuon (21)
k=a/h

and the delta right h—fractional differences of order v > 0 is defined as
() () = (1" (Vindy ") (2)
b/h

—1)nyn Y
= CUWE S~ = o)V ulkh)h ¢ €pqusyn N (22)
F(n - V) k=t/h+n—v

Definition 15. (Caputo h—fractional differences) Let u be defined on N, j, and , , N respectively.
Then the left and right delta Caputo h—fractional differences of order v > 0 are defined by

(CAYu) () = (AF0 AL ") (), ¢ € Nat(novyhns (23)

(AL u)(E) = (=1)™(VF 1A, ")), € b movnn, (24)

where n = V] + 1.
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Lemma 16. [1] Let v,u,h > 0. Then

—v L — F(:u) v -1
atuh AR (t—a)y = m(t - a)ﬁ e (25)
_ - () vtp—1
v A ! — _ (v4+p—1)
hAb—ph(b t)h F(,u T 17) (b t)h . (26)

3. GENERALIZED DELTA DISCRETE h— LAPLACE TRANSFORM AND ITS CONVOLUTION

Following the time scale calculus, we have the following definition for the delta discrete Laplace
transform on Ny .

Definition 17. Assume that u(t) is defined on N, ;. Then, the generalized delta discrete Laplace
transform of v is defined by

Lon{ul®)}(s) = [ neoa(t,a)u(t)Ant

T néos(t,a T/o1 o\
_ / hﬂi(hs)u(mht: / <1+hs> u(t)Ant. (27)

a a

Using the closed and summation form solution, the above equation can be written as

. 1 54 o0 1 i—g41
Lonlu)6) =ot ) (1) |0 = 3 i) (;7m) - o
Remark 18. (i) In case a = 0, we get
. 1 o 00 1 i+1
Lr{u®)}(s) = A7 u(t) (1 - hs) ‘0 - h;u(zh) (1 - hs) . (29)
(ii) In a special case h = 1, we have
. 1 t—a-+1 00 [e%s) 1 i—a-+1
ey =0 () 72200 () (30)

which is existing in[I2].

Theorem 19. Lett € Ny p, h,v > 0 and hs # —1 then we have

i), (=i 1 g
(-0 ()

tra g pt1
1w (LN _ 1+ hs
ot () =S e
. (1) 1 R .
Proof. Taking u(t) =t,’ and v(t) = T hs in (7)), using (6) and (LI, we get

! ( : ) ) ( : ) h

t—a+1 A —_—

_ (1) 1 h 1+ hs 1+ hs

oA < ) = - - - = : (32)
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t—a
1 =
Again taking u(t) = tglz) and v(t) = (1 n h5> in (7)), gives

t—a

(2) 1 h

e ty ( ) |
—1 (2) 1 _ 1 + hs 1 (1) 1 2
«Bh |:th (1+hs> :| B s + el |t 14 hs (33)

Now applying and simplifying we get

-1
alp

h 1+ hs

(2) 1 g (1) 1 g (1) 1 g
t—a t 2t 2t
1 nott h (1 h ) h (1 h ) \1+h
t(z)( ) }__ + hs 3 + hs B + hs (34)

which can be rewritten as follows,

(1) (i—1)4(3—1) 1 =
toa g —1)20=bgt ()
-1 |,@ 1 h . 1+ hs
alr |t <1 +hs> ] B ; st ' (35)
By continuing the above process upto p times, we get . (]
Lemma 20. Let p,h >0 and s # 0, then
w!
Lrfty '} () = o (36)
Proof. The proof follows by using by applying the limits 0 to co in (31)). ]
Example 21. By equating and , we get
fe%s) 1+1
LY =n @ (1) = (37)
h P h \1+hs shtl

Which is verified by MATLAB for the particular values h = 3, u = 2 and s = 10 has equal in both
closed and summation form solution numerically 0.0020.

The solution of input function(signal) is analyzed graphically as follows:
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FIGURE 2. Frequency(s)

Figure 1. is a plot of the input function(signal) tgg) and Figure 2. is a plot of output function in

the frequency domain for p = 2 it tells that for the converges the condition is s # 0.
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Remark 22. By the virtue of , we can write the Laplace transform of t;lyfl) for fraction v > 0
as follows

Iw)

v—1
Cufty ™Y = (38)
Definition 23. Let s € R,0 < v < 1 and u,v : N, — R be the functions. Then the delta

h—discrete convolution of v and v is defined by

t t/h—1
(uxv)(t) = /v(t —op(s) +a)u(s)Ars =h Z v(t —op(ih) +a), t € Ngy (39)
a i=a/h

Theorem 24. (The h—convolution theorem) For s € R and u,v defined on N, j, we have

Lap{(wxv)(®)}(s) = Lan{u(t)}(s)La,n{v(t)}(s). (40)

Proof. By the definition, we have

[eS) 1 i—241
Lan{(wnv)O}s) = Y <1+hs) hS wEGh — n(kR) < a)
i=a/h k=a/h
B Z i v((i — k — 1+ a/h)h)
- i—a/h+1
k=a/hi=k+1 1+hs) /i
2 kh)v(jh)
=h Z Z 1+h5 ]+k+1 a/h—a/h+1
k=a/h j= a/h
_ N v(jh)
=h Z 1+h8k a/h+1h’ _Xa;h(l_i_hs)]—a/hﬂ

= Ea,h{U( )}(8)Lan{v(t)}(s),

where the change of variable j =i — k — 1+ a/h is used. O
The following lemma is a generalization of the result in [I2] to hZ.

Lemma 25. Let u be defined on Ng . Then,
Lo n{Aru(t)}(s) = sFq(s) —u(a), (41)

where Fo(s) = Lo n{u(t)}(s).
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Proof. By Definition (17| and using 7 we see that
oo
ﬁa,h{Ahu(t)}(S) = /}léges(t,a)Ahu(t)A}Lt

a
o

- /@Shées(t, a)u(t)Apt

a

oo

= n€gs(t a)u(t)

a

— u(a)+s / WE0 (1 a)u(t) Ant

= sFa(s) — u(a).

4. DELTA FRACTIONAL PROPORTIONAL DIFFERENCES ON hZ

From the time scale calculus in view of [10] and [2], the delta exponential function é,(¢,a) =

(14 ph) =", where p(t) = p=

on hZ satisfies the difference equation

Ahu(t) =

h 1
where p # TR Notice that h = 1 implies that the proportional factor p # 3

The delta h—discrete proportional differences of order 0 < p < 1 for function u on N, is
given by
(Au)(t) = (1 pJult) + pAnu(t), ¢ € N

h+1
Remark 26. [I0] Since, the first order proportional type difference equation

(AL0)(E) = (1= p)ult) + pAnu(t) = u(t), v(a) = v

where the regressivity condition insists that p #

1 t
has the solution v(t) = v,€,(t,a) + = [ €,(t — s — h,0)u(s)Aps, where p = L
p

¢
and [u(s)Aps =
t/h—1 ‘ ‘

i=a/h
Definition 27. For 0 < p < 1, the first order proportional sum with A is defined by

(A 2Pu)(t) = %/ép(t — s —h,0)u(s)Aps, p= %. (42)

a

Remark 28. By using the definition of convolution the above relation can be written as (aA;Ll’p u)(t) =
1
—(u*é,(t —a),0).
p
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Property 29. Let u is defined on N, 5, we have

(A, P ALU)(t) = ult) — Ep(t — a,0)u(a) = u(t) — <p+(p—1)h) N u(a). (43)

p
Proof. Applying h—Laplace transform on aAgl’pAZu(t), we see that
1
Lanfoldy P Afu)}(5) = Lan{SAfu(t)  &5(t = a,0)}(s)

- %ca,h{u — pu(t) + pAru(t)} () Lan{Ep(t — a,0)}(5)

= n ami - o) (52

p
= Fu(s) —u(a) ———.
(5) —u(a) p—
Applying inverse Laplace transform E;}L, we obtain ((30)).

To generalize the first order proportional difference to fractional sum, we see that

t
(e, ™ Pu)(t) = % / Ep(t — b1 — B, 0)Apihy

Y1
%/ép(wl — 1y — h,0)Apiba
PYn—1
% / ép(wnfl - ’(/}n - h) O)”(S)Ahwn

t

(aA}, " u)(t) = pn%(n) / Ep(t — —nh, 0)(t — o ()" D) An,

a

where the Lemma [J] is used. By the virtue of the above result, we can present the following
generalized type fractional proportional sum.

Definition 30. For 0 < p <1 and v > 0, we define the left proportional fractional sum of u by
t

WA )(0) = s [ Eylt = = vh0)(E = o) () Mg

a

t/h—v
= pus(y) S &t — (i + v)h,0)(t — on(ih)y ~u(ih). (44)
i=a/h

and the right proportional fractional sum as

(AP0 = S5 / et = vh — £,0)(pn () — )~ ulw) Any,
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h b/h
= ey 2 erli=h=t0)(pm(ih) - £)8 " u(ih). (45)
i=t/h+v

Remark 31. Using convolution, we can express the left proportional fractional sum as

o (1-v)
(aA}:V’pU)(t) _ purl‘(y) (,0 + (pp 1)h) ép(t, O)tglU*l) % U(t)

In particular case h =1,

g1 2p 1NN -1,
(uA u)(t)—pyr(y)< ; ) &,(t,0)t u(t).

Definition 32. (RL-fractional proportional) For 0 < p < 1 and v > 0, we define the left
proportional fractional sum of u by

(AP u)() = (ApP A, " u) (2)

_ A [ (n—v—1)
— s [ B0 - =B - @) A, (a0)

a

and the right proportional fractional sum as

WAy u)(t) = (1) (VP A, " Pu) ()

b
nv” P

- / (n— v)h — ,0)(pn () — B () Ans. (47)

pr ”F n—y
t

Remark 33. (i) lg%(aAZ’pu)(t) = u(t) and (ii) liml(aAZ’pu)(t) = (e A u)(t).

v—r

Theorem 34. (semi group property for delta fractional proportional) Assume that u(t) is defined
on Ng . Then

AP AL P U)(E) =a AP AP0 = (WA, TP ). (48)

Proof. By definition [30] and using the lemma [16] we obtain
1
JATHP (AP (¢ 27//6 t—w—ph,0)é,(w— v —vh,0)
h ( h )( ) p“*”I‘(u)F(l/) P( ) P

(t — on(w))~ ”<t —on () N u(w) Ay Apw

t

1
= m/ézﬂ(f—?ﬁ — (b +v)h, 0)u(y)
t
ﬁ/ (M 1) (w ¢)(V 1)Ath}¢
P
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t

—(utv)
= pf(y) /u(/l/})ép(t - — (H + V)h,O)wA;”(t o ¢)2V_1)Ah1/1
- W/u(d})é (t— 1 — (u+v)h,0)(t — ) "D A
- T(u+v) P H ’ h h

a

= (oA, PP (1),

O

Corollary 2. Let u is defined on Ny . Then
WA (AT (1) = (a0, u) (1) (49)
Proof. The proof follows by taking negative index of y in theorem O

The following theorems is the Laplace transform of fractional proportional type difference equation
and fractional proportional sum.

Theorem 35. Assume that u is defined on Ng . Then
n—1
Lan{a; " u(t)}(s) = (ps+ 1= p)" Lap{u(t)}(s) = p > (ps+1—p)" ' "(ApPu)(a)  (50)
r=0

Proof. By applying h—Laplace transform on remark 26| and using lemma we arrive
Lanfaly u(t)}(s) = Lan{(1 = p)ut) + pApu(t)}(s)
= (1= p)Lan{u®)}(s) + pLan{aBnu(t)}(s)
= (1= p)Lanfu®)}(s) + p{sLan{u(t)}(s) — ula)}
= =p+ps)Lan{u(t)}(s) — pu(a)

By applying induction on n, we get ([50). a
Theorem 36. For v € RT, u(t) be the function, then we have
(1-v)
— +(p—1h Lan{u(t)}(s)
Lan{alAy " ult)}(s :<p : 51
a7 P u(®)} 5) ; P G1)

Proof. By the definition of Laplace transform and convolution, we get

Lap{addy""u(t)}(s) = pyrlw (“ <pp‘ Lh

- (1—v)
— oy () et 06 L))

pyrl(y) <p+ (pp— 1)h><1—v) (S_F(pv;)l)uz:a,h{u(t)}(s),

which completes the proof. O
47
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5. CONCLUSION

This present work focuses on delta type fractional sums and differences, a new type of generalized
discrete h—Laplace transform and its convolution are defined. Several properties and results of
h—discrete Laplace transform have been discussed. Also, the researchers investigates the newly
proposed delta type fractional proportional sums and differences on discrete RL and Mittag-Leffler
functions. The findings are verified and analysed by MATLAB. Through this paper, when h = 1
and p = 1, we get the existing results in the literature.
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