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ABSTRACT. In this paper, we introduce and investigate the generalized Ulam - Hyers stability of
homomorphisms and derivations of a generalized additive functional equation in Banach, Quasi -
Banach, C*, Lie C*, Jordan C* Algebras.

1. INTRODUCTION

In Ulam [26] proposed the general Ulam stability problem: When is it true that by slightly
changing the hypotheses of a theorem one can still assert that the thesis of the theorem remains
true or approximately true? In Hyers [7] gave the first affirmative answer to the question of Ulam for
additive functional equations on Banach spaces. Hyers result has since then seen many significant
generalizations, both in terms of the control condition used to define the concept of approximate
solution one can see [2, Bl 17, 21, 23].

One of the most famous functional equation is the additive functional equation

AMu +v) = Au) + A(v) (1)

having solution A(u) = cu. This functional equation was first treated by A.M. Legendre (1791) and
C.F. Gauss (1809). In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued
functions. It is often called an Cauchy additive functional equation in honor of A.L. Cauchy [1I §].

In this paper, we introduce and investigate the generalized Ulam - Hyers stability of homomorphisms
and derivations of a generalized additive functional equation

Ao+ Bo) + A(Bu + av) = (@ + B)(Aw) + A(v)) (2)
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where «, 5 # 0 in Banach, Quasi - Banach, C*, Lie C*, Jordan C*, Algebras.
Now, we provide the general solution of the functional equation .

Theorem 1. Assume Vi and Vo are real vector spaces. Suppose that X\ : Vi — V5 satisfies the
functional equation then X : Vi — V4 satisfies the functional equation (@

During the last seven decades the stability problems of various functional equations in several
algebras have been broadly investigated by number of mathematicians and more detail’s about the
definitions on all the algebras see [3, 4L [6], 9}, 10} 1T}, 12} T3], 14, 15} 16, 18, 19, 20, 22] 24, 25]. In each
sections, we give basic definitions about algebras and prove the generalized Ulam - Hyers stability
of homomorphisms and derivations with respect to that algebras.

2. STABILITY RESULTS IN BANACH ALGEBRAS

2.1. Banach Algebra Definitions.

Definition 2. A complex Banach space A is said to be a Banach algebra if it satisfies the
condition

[lzy[l < Cllllllyl|
for all z,y € A.

Definition 3. Let A and B be real Banach algebras. A mapping H : A — B is called a algebra
homomorphism if

H(zy) = H(x)H (y)
for all z,y € A.

Definition 4. Let A and B be real Banach algebras. A D : A — A is called a algebra derivation
if

D(xzy) = D(x)y + zD(y)
for all z,y € A.

In order to establish the stability results, throughout this section let us assume A is a Banach
algebra with norm || - ||4 and B is a Banach algebra with norm || - || 5.

2.2. Homomorphism Stability Result.

Theorem 5. If \: A — B and n: A> — [0,00) are functions satisfying the double inequalities

[A(au + Bv) + A(Bu + av) — (a+ B)(Mu) + A(v))||z < n(u,v) (1)
[A(uv) = A(u) = A(w) |5 < n(u,v) (2)

and . .
Jim Wﬂ(v‘”u,v‘”v) =0 = lim WU(V&IUW&/U) (3)

for all u,v € A where

v==l1 and y=a+p. (4)
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Then there exists a unique homomorphism function H : A — B satisfying the functional equation

(@ and
1 WX”U 7"”
AW~ Ry < = 30 2T )
7 e
and the mapping H(u) is defined by
1
M) = Jim —2(0%0) (6)
for allu € A.
Proof. Assume v = 1. Letting (u,v) by (u,u) in (T)), we arrive
1
12A((er + B)u) = 2(a + B)A(w)ll5 < 1w, w) = [|A(yw) = 7AWz < 5nlu,u) (7)
for all u € A. Tt follows from above inequality that
Alyu) 1
— — XMu < —n(u,u 8
72| <yt (®)

for all u € A. Now replacing u by vyu and dividing by ~ in , we obtain

” A2 A(u)
vy

1
< ——nlyu,yu 9
< gt )

for all u € A. From and @, we get

(2 1
O )| <5 ot + 1) (10)
¥ B 2 ¥
for all u € A. Proceeding further and using induction on a positive integer 4, we have
6—1
A(you) 1 1
|25 s <5 > o) (1)

=0

for all u € A. Tt is easy to verify that the sequence

)

is a Cauchy sequence by replacing u by v“u and dividing by ~¢ in , for any €, > 0. Since B is
complete, there exists a mapping H(u) : A — B such that

1
H(u) = lim —5)\('75u), for all u e A
d—r00 7y
Letting § — oo in , we see that holds for all u € A. To show that H satisfies , replacing
(u,v) by (v’u,¥%v) and dividing by +° in (1)), we obtain
1 1
b A (au + B)) + A (Bu + av)) = (a+ B)A(R u) + A(v°0))]| 5 Wﬁ(v‘suy 7’v)

for all u,v € A. Letting 6 — oo in the above inequality and using the definition of H(u), we see
that

H(ou + Bv) + H(Bu + av) = (a + B)(H(u) + H(v)).
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Thus the existence of H satisfies the additive functional equation for all u,v € A.
From and definition of H, we achieve

() = KR = =55 A1) = A A )

1
Wn(V‘Su,'y‘sv) —0 as § — oo.
Y

Therefore
H(uwv) = H(uw)H(v)

for all u,v € A. Thus, H is a algebra homomorphism. To prove existence of H is unique, we assume
‘H'(u) be another homomorphism mapping satisfying and , then

wmm—ﬂmmm=$ﬂﬂmmw4m¢wm

1 € € n n
s {IH (O w) = A u)llp + A" w) = H (v u) 5}
< i Z 1 ,,7(,\/5"1‘6,“ ’}/6+€u)
= 2y £ 5@+ )

—0 as § — o0

for all u € A. Hence H is unique. Thus the theorem holds for v = 1.
Letting u by % in , we get

U 1 U U
Au) —yA () < -n (,) 12
= (2)] <5 (22 (12
for all u € A. Again setting u by % and multiply by v in 1' we obtain

u 9 u ~y u o u
()Gl =3 () g
H gl /s~ 27\ (13)
for all u € A. From and , we achieve

po @b @] w

for all u € A. Proceeding further and using induction on a positive integer 0, we have

)

for all u € A. The rest of the proof is similar lines to that of case v = 1. Thus, the theorem holds
for v = —1. This completes the proof of the theorem. O

5

)
1 5—1 (u u) 1 s (v u
< 2 ) = 2 s (15)
2 ) v 7y

x=1

U
~O

ot

B

The following corollary is an immediate consequence of Theorem [5| concerning some stabilities

of .
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Corollary 1. Suppose X : A — B be a mapping and there exists real numbers m and w such that

[Aau + Bv) + A(Bu + av) — (a + B)(A(w) + A(v)) |5 ,
<4 Ul + [l0ll5 (16)
[A(uv) = Alw) = A(v)]|5 m | lullZ[0l1Z,

for all u,v € A. Then there exists a unique homomorphism function H : A — B satisfying the
functional equation (@ and

T
ek
WUA
[A(u) = H(u)llzg < 72|7 =] w#1 (17)
7| |ul| 27
20 # 1
2y — 2| #

for allu € A.
2.3. Derivation Stability Result.

Theorem 6. If \: A — A and n: A%> — [0,00) are functions satisfying the double inequalities

[A(au + Bv) + A(Bu + av) — (o + B)(A(u) + A(v)) |5 < n(u,v) (18)
[A(uv) — uA(v) — A(w)v|[g < n(u,v) (19)

and
Jim %n(v‘s”uné”v) =0= lim 7271(;”77(76”“7'7(””) (20)

for all u,v € A where
v==1 and y=a+p. (21)

Then there exists a unique derivation function D : A — A satisfying the functional equation (@
and

[IA(w) — g < 27 Z 7 fyXVu ’yxv (V" u, v u) (22)

1—u

and the mapping D(u) is defined by
D lim — 2
(u) = Jim —AG") 23)
for allu € A.

Proof. By the proof of Theorem [5] there exists a unique additive mapping D : A — A satisfying
. Also, the mapping D : A — A given by

D(u) = lim ,7)\(’7 u)

for all u € A.
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From and by definition of D, we achieve

1
Do) —uD(v) = D(w)olls = 55 A u A20) = Y ur(70) = Ay )y ]| 5

1
< —n(Y°u,7’v) = 0 as § — occ.

— 726
Therefore
D(uv) = uD(v) + D(u)v
for all u,v € A. Thus, D is a algebra derivation. O

The following corollary is an immediate consequence of Theorem [f] concerning some stabilities
of .

Corollary 2. Suppose X : A — A be a mapping and there exists real numbers m and w such that

[AMau + o) + A(Bu + av) = (a + B)(Mu) + A(©))| 5 ,
<4 T UllE + [lollZ5 (24)
[A(uv) — uA(v) = Aw)vl| [l Z 110l

for all u,v € A. Then there exists a unique derivation function D : A — A satisfying the functional
equation (@ and

_
il
|||
AW =DP@)ls <9 37 e FF! (25)
2w
ol
2|y — 2=

for allu € A.

3. STABILITY RESULTS IN QUASI - BANACH ALGEBRAS

3.1. Quasi - Banach Algebra Definitions.

Definition 7. Let X be a linear space over K . A quasi norm is a real-valued function on X
satisfying the following:
(@B1) |z ||>0forallue X and || z ||=0 if and only if u = 0.
(@B2) | pz| =|p|.|]lx] foral peKandall ue X.
(QB3) There is a constant K > 1 such that ||z +y [ K (|z ||+ ||y )
for all u,y € X.

The pair (X, || - ||) is called quasi normed space if || - || is a quasi norm on X. The smallest

possible K is called the modulus of concavity of || - ||

Definition 8. A quasi Banach space is a complete quasi normed space.

Definition 9. A quasi normed space X is called a quasi normed algebra if there is a constant
C such that
[lzyll < Cfl=]l|]y

for all u,y € X.
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Definition 10. Let A and B be quasi normed algebra. A mapping H : A — B is called a algebra
homomorphism if
H(zy) = H(x)H(y)

for all u,y € A.
Definition 11. Let A and B be quasi normed algebra. A mapping D : A — A is called a derivation
if

D(xzy) = D(x)y + zD(y)
for all u,y € A.

In order to establish the stability results, throughout this section let us assume A is a quasi norm
algebra with norm || - ||4 and B is a quasi Banach algebra with norm || - || 5.

3.2. Homomorphism Stability Result.

Theorem 12. If \: A — B and n: A% — [0,00) are functions satisfying the double inequalities

[Alau + Bv) + A(Bu + av) — (o + B)(A(u) + A(v))| 5 < n(u,v) (1)
[A(uv) = A(u) = A() |5 < n(u,v) (2)

and ) )
Jim. Wﬂ(v‘s”u,v‘s”v) =0= lim Wn(v‘”’wv‘s”v) (3)

for all u,v € A where
v==l1 and y=a+p. (4)

Then there ezists a unique homomorphism function H : A — B satisfying the functional equation

(@ and

6—1 e XV, A XYy
IA0) — H(wp < T Y T 5)

and the mapping H(u) is defined by

: 1 Sv
H(u) = 51520 W)\(V u) (6)
for allu € A.
Proof. Assume v = 1. Letting (u,v) by (u,u) in (I]), we arrive
1
12A((er + B)u) = 2(a + B)A(w)ll5 < nu, w) = [|A(yuw) = 7AWz < 5nlu,u) (7)
for all u € A. Tt follows from above inequality that
A(yw) 1
— —ANu < —n(u,u 8
7w < gt (®)
for all u € A. Now replacing u by yu and dividing by ~ in , we obtain
AGPu) A _ 1
— — — || = 53nuu 9
1207 - 200 < o)
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for all u € A. From and @D, we get

A(?u) K [ n(vu,w)}
— AMu < — [n(u,u) + ———= 10
o) < g ot + T (10)
for all u € A. Proceeding further and using induction on a positive integer 0, we have
6—1
A(you) K°1 1
— AMu < —n(v*u, Y¥u 11
|, < S X e (1)

for all u € A. The rest of the proof is similar lines to that of Theorem [5] This completes the proof
of the Theorem. O

The following corollary is an immediate consequence of Theorem [12| concerning some stabilities
of .

Corollary 3. Suppose X : A — B be a mapping and there exists real numbers m and w such that

[A(au + fo) + A(Bu + av) — (a + B)(A(w) + A(v)) |5 ,
< mAlllF +1ollF} (12)
[A(uv) = A(w) = A(v)l5 ™ ||ul|Z [0l

for all u,v € A. Then there exists a unique homomorphism function H : A — B satisfying the

functional equation @ and

Ko 'z

2|11 —~|’

KO afful|

2y~ 7~

KO rlul 57
20y —v*=|

[AMu) = H(u)]g < @ #1 (13)
2w # 1

for allu € A.

3.3. Derivation Stability Result.

Theorem 13. If \: A — A and n: A? = [0,00) are functions satisfying the double inequalities

[A(au + Bv) + A(Bu + av) — (a + B)(Mu) + A(v))[|z < n(u,v) (14)
[A(uv) —uA(v) = Au)vl gz < n(u,v) (15)

and ) .
Jim n(y*u,5"v) =0 = lim Wﬁ(v‘”’wv‘”v) (16)

for all u,v € A where

v==+1 and y=a+p. (17)
Then there exists a unique derivation function D : A — A satisfying the functional equation @)
and

6—1 e qu XV
)~ Dl < %5 Z"” ) as)

1
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and the mapping D(u) is defined by

- ov
D(w) = Jim —A(+™w) (19)
for allu € A.
Proof. The proof is similar lines to that of Theorem [6} O

The following corollary is an immediate consequence of Theorem [I3] concerning some stabilities
of .

Corollary 4. Suppose X : A — A be a mapping and there exists real numbers m and w such that

[AMau + Bv) + A(Bu+ av) — (a+ B)(A(u) + A(v))| ,
<9 mAlullZ +1[0lIZ} (20)
[A(uv) = uA(v) = Au)ol 5 ™ [l Z110l1%,

for all u,v € A. Then there exists a unique derivation function D : A — A satisfying the functional
equation (@ and

Ké1x
2|}5—17|’
K— w
@) - Dy < { L mE oy (21)
I(ijl_’y ‘2w
ST
2y — 2= |

for allu € A.

4. STABILITY RESULTS IN C* ALGEBRAS

4.1. C*—Algebra Definitions.

Definition 14. A Banach algebra A is said to be a C*— algebra if it satisfies the involution
condition

for all u € A.

Definition 15. Let A and B be C*— algebras. A mapping H : A — B is called a C"*—algebra
homomorphism if

H(xy) = H(x)H (y)
for all u,y € A.

Definition 16. Let A and B be C*— algebras. A mapping D : A — A is called a C*—algebra
derivation if

D(xy) = D(x)y + zD(y)
for all u,y € A.

In order to establish the stability results, throughout this section let us assume A is a C*—

algebra with norm || - [|4 and B is a C*— algebra with norm || - || 5.
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4.2. Homomorphism Stability Result.

Theorem 17. If \: A — B and n: A% — [0,00) are functions satisfying the triple inequalities

[A(au + Bv) + A(Bu + av) — (o + B)(A(u) + A(v)) 5 < n(u,v) (1)
[A(uv) = A(u) = A() |5 < n(u,v) (2)
[A (W) = A(w)* |5 < n(u) 3)
and ) . .
Jim. Tn(v u,y"v) = 0= lim Wn(v‘s”uwé”v) Jim. TW(V Yu) (4)

for all u,v € A where

v==1 and v=a+p. (5)
Then there exists a unique C*— algebra homomorphism function H : A — B satisfying the functional
equation (@ and

n ’YXV 7"” (V" u, yXu)
[A(u) —H(u)lg < 27 Z; (6)
and the mapping H(u) is defined by
1
H(u) = lim T)\(V Yu) (7)

for allu € A.

Proof. By the proof of Theorem [5] there exists a unique homomorphism mapping H : A — B
satisfying @ From and definition of H, we achieve

") = Ha) s = 5 [AG) = A6’

1
< $n(75u) —0 as § — oo.
Therefore
H(u*) = H(u)*
for all u € A. Thus, H is a C*—algebra homomorphism. O

The following corollary is an immediate consequence of Theorem [17] concerning some stabilities
of .

Corollary 5. Suppose X : A — B be a mapping and there exists real numbers m and w such that

[A(au + Bv) + A(Bu + av) — (a + B)(A(u) + A(v))l|5 ,
< m{lullZ + 01X} (8)
[A(uv) = A(u) = A(v)] 5 T |[ul|Z[v]IF,
and
[A(u") = Aw)*|| 5 < ml[ul|Z (9)
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for all u,v € A. Then there exists a unique C*— algebra homomorphism function H : A — B
satisfying the functional equation (@ and

T
il
7T7.LA
[A(u) —H(u)lzg < 72| =] w# 1 (10)
7| |ul| 27
20 £ 1
2y — = | #

for allu € A.
4.3. Derivation Stability Result.

Theorem 18. If \: A — A and n: A% — [0,00) are functions satisfying the triple inequalities

[Alau + Bv) + A(Bu + av) — (o + B)(Mu) + A(v))]l5 < n(u, v) (11)
[A(uv) — uA(v) — AMw)vl|z < n(u,v) (12)
[A(u®) = A(w)" 5 < n(u) (13)
and ) )
Jim. Wﬂ(vé”u,v‘”v) =0 = lim WU(W‘SVUW&/U) (14)

for all u,v € A where
v==+l1 and y=a+p. (15)

Then there exists a unique C*— algebra derivation function D : A — A satisfying the functional
equation (@ and

IA(u) — B < 27 Z n ’YX” ’)/XV ) (16)

171/

and the mapping D(u) is defined by

: - Sv
D(w) = Jim A" ()
for allu € A.
Proof. The proof is similar lines to that of Theorem [6} O

The following corollary is an immediate consequence of Theorem [18] concerning some stabilities
of .

Corollary 6. Suppose X : A — A be a mapping and there exists real numbers m and w such that

[A(au + Bv) + A(Bu + av) — (a + B)(A(u) + A(v))l|5 ,
< ¢ Il +[vlIFD (18)
[A(uv) — uA(v) = A(w)vllg ™ |[ul|Z]|v||Z,
and
[A(W") = Aw)*[| 5 < 7l|ul[Z (19)
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for all u,v € A. Then there exists a unique C*— algebra derivation function D : A — A satisfying
the functional equation @ and

T
Rlellk
T A
[A(u) = D(u)]lz < oAy — =]’ w#1 (20)
2w
7THUIIJg w41
2ly —v%=|

for allu e A.

5. STABILITY RESULTS IN LIE C* ALGEBRAS

5.1. Lie C*—Algebra Definitions.

Definition 19. A C*— algebra A endowed with the Lie product

(zy — y=)

[x,y] = 9

on A, is called a Lie C*—algebra for all u,y € A.

Definition 20. Let A and B be C*— algebras. A mapping H : A — B is called a Lie Lie C*—
algebra homomorphism if

H([zy]) = [H(z), H(y)]
for all u,y € A.

Definition 21. Let A and B be C*— algebras. A mapping D : A — A is called a Lie C*—
derivation if

D([zy]) = [D(x),y] + [z, D(y)]
for all u,y € A.

In order to establish the stability results, throughout this section let us assume A is a Lie C*—
algebra with norm || - [|4 and B is a Lie C*— algebra with norm || - || 5.

5.2. Homomorphism Stability Result.

Theorem 22. If \: A— B and n: A% — [0,00) are functions satisfying the double inequalities

[A(au + Bv) + A(Bu+ av) — (o + B)(A(u) + A(v))| 5 < n(u,v) (1)
[ACfuv]) = [A(w), A(0)][l 5 < n(u,v) (2)
and
lim L Wy, 4%p) =0 = lim L (v u,v°"v) (3)
Jim 7(;Vn(v ) Jim 0™ ey

for all u,v € A where

v==l1 and y=a+p. (4)
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Then there exists a unique Lie C*— homomorphism function H : A — B satisfying the functional
equation (@ and

1 (¥ u,yX )
)~ Ol < 5 3 T 5)
X="3
and the mapping H(u) is defined by
. 1 Sv
H(u) = Jm W/\(“Y u) (6)

for allu € A.

Proof. By the proof of Theorem [5] there exists a unique homomorphism mapping H : A — B
satisfying . From and definition of H, we achieve

[H([ww]) = [H(u), H(v)]ll5 = % A u A 20]) = A(w), A 0)] 5
< %n(’y‘su, Yv) =0 as § — oco.

Therefore
H([uv]) = [H(u), H(v)]
for all u € A. Thus, H is a Lie C*— algebra homomorphism. O

The following corollary is an immediate consequence of Theorem [22| concerning some stabilities
of .

Corollary 7. Suppose X : A — B be a mapping and there exists real numbers m and w such that

[AMau + o) + A(Bu + av) = (a + B)(Mu) + A(©))] 5 ,
<4 T lllE + [loll55 (7)
[A(uv) = Alu) = A(v)]|5 7 |lullZ[Vl1Z,

for all u,v € A. Then there exists a unique Lie C*— algebra homomorphism function H : A — B
satisfying the functional equation (@ and

T
ik
U A
@) - H@la < { 5oy @A ®)
7| |ul| 2
A 9 2
21y —7*=|

for allu € A.

5.3. Derivation Stability Result.

Theorem 23. If \: A— A and n: A? — [0,00) are functions satisfying the double inequalities
[A(eu 4 Bv) + A(Bu + aw) — (o + B)(A(u) + A())ll 5 < n(u,v) (9)

[A([uo]) = Mw)o] = [u, A()]llg < n(u, ) (10)
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and ) )
- — 0= ov Sv
Jm o —n(7*"u,7""v) = 0 = Jim 7Qéun(v u, y*v) (11)
for all u,v € A where
v==l1 and y=a+p. (12)

Then there exists a unique Lie C*— algebra derivation function D : A — A satisfying the functional
equation (@ and

(V" u, v u)
INw) = D)5 < 5= 27 Z T (13)

and the mapping D(u) is defined by

Dlu) = g§74< w) (14)

for allu € A.
Proof. By the proof of Theorem [0} there exists a unique additive mapping D : A — A satisfying
(13). Also, the mapping D : A — A given by

D(u) = lim 7>\(7 u)

for all u € A.
From and by definition of D, we achieve

ID([uv]) = [D(w), 0] = [u, D))l 5 = % A w A0]) = (), 0] = [ u A 0)] |

1
ﬁn(’y‘su,vév) —0 as § — oo.

Therefore
D([uv]) = [D(u),v] + [u, D(v)]
for all u,v € A. Thus, D is a Lie C*— algebra derivation. |

The following corollary is an immediate consequence of Theorem [23| concerning some stabilities
of .

Corollary 8. Suppose X : A — A be a mapping and there exists real numbers m and w such that

[A(au + Bv) + A(Bu + av) — (a + B)(A(u) + A(v)) ]| 5 T,
<4 m{lullZ +[lollZ},  (15)
[A([uo]) = [A(w)o] = [u, A(v)]ll5 7 |fullZ[0lIZ,

for all u,v € A. Then there exists a unique Lie C*— algebra derivation function D : A — A
satisfying the functional equation (@ and

T
il
U A
@) = POl < § g~ e A (16
7| |ul |2
A 9 2
2y — 2=’
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for allu € A.

6. STABILITY RESULTS IN JORDAN C* ALGEBRAS

6.1. JC*—Algebra Definitions.

Definition 24. A Jordan C*— algebra A endowed with a anticommutator product

(zy + yz)

uoy = 5

on A, is called a JC*—algebra for all u,y € A.

Definition 25. Let A and B be C*— algebras. A mapping H : A — B is called a JC*—algebra
homomorphism if

H(zoy) = H(z)o H(y)
for all u,y € A.

Definition 26. Let A and B be C*— algebras. A mapping D : A — A is called a JC*—algebra
derivation if

D(zoy) = D(x)oy+zoD(y)
for all u,y € A.

In order to establish the stability results, throughout this section let us assume A is a JC*—
algebra with norm || - [|4 and B is a JC*— algebra with norm || - || 5.

6.2. Homomorphism Stability Result.

Theorem 27. If \: A— B and n: A% — [0,00) are functions satisfying the double inequalities

[A(au + Bv) + A(Bu + av) — (a+ B)(A(u) + A(v)) 5 < n(u,v) (1)
[A(wov) = A(u) o A(v) |l 5 < n(u,v) (2)

and ) )
Jim. Tn(v‘s”um‘s”v) =0= lim Wmn(v‘s”uw‘s”v) (3)

for all u,v € A where
v==l1 and y=a+p. (4)

Then there exists a unique JC*— homomorphism function H : A — B satisfying the functional
equation (@ and

IAw) - HB,Q7 > A 6

1 u

and the mapping H(u) is defined by

R T 1 Sv
H(w) = Jim —A () (6)
for allu € A.
63



DBCY Publication Journal of Pure and Applied Mathematics
Volume: 01, Issue: 01 July 2021, Page No. 49-67
ISSN: XXX-XXXX

Proof. By the proof of Theorem [5 there exists a unique homomorphism mapping H : A — B
satisfying . From and definition of H, we achieve

1
[H(wo0) = Hw) o Hw)ls = 55 [A0 wor"v) = A6 W 0 X2 0) |
1
< ﬁn(v‘su,v‘sv) —0 as § — oo.

Therefore
H(uov) = H(w) o H(v)
for all u € A. Thus, H is a JC*— algebra homomorphism. O

The following corollary is an immediate consequence of Theorem [27] concerning some stabilities
of .

Corollary 9. Suppose X : A — B be a mapping and there exists real numbers m and w such that

[A(au + Bv) + A(Bu + av) — (a+ B)(A(w) + A(v)) |5 ,
<4 T {ullZ + [ollZ} (7)
[A(wov) = Au) o A(v)[|5 ™ |[ulZ]l0]1F

for all u,v € A. Then there exists a unique JC*— algebra homomorphism function H : A — B
satisfying the functional equation (@ and

T
il
T A
[A(u) — H(u)llz < 2y — w‘ w # 1 (8)
7| |ul| 27
A 9 £
2|y — 2=

for allu e A.
6.3. Derivation Stability Result.

Theorem 28. If\: A— A and n: A% — [0,00) are functions satisfying the double inequalities

[Aau + Bv) + A(Bu + av) — (a+ B)(A(uw) + A(v))ll5 < n(u,v) (9)
[A(uov) = A(u) ov —uo A(v)|z < n(u,v) (10)

and ) )
Jim Tn(vé”u,v‘s”v) =0 = lim 72(;Vn(v‘s”um‘s”v) (11)

for all u,v € A where

v==l1 and vy=a+p. (12)
Then there exists a unique JC*— algebra derivation function D : A — A satisfying the functional
equation (@ and

IAw) - HB_27 > A (13)

_ 171/

64



DBCY Publication Journal of Pure and Applied Mathematics
Volume: 01, Issue: 01 July 2021, Page No. 49-67
ISSN: XXX-XXXX

and the mapping D(u) is defined by

. 1 v
D(u) = 51520 W)\(Wé u) (14)

for allu € A.

Proof. By the proof of Theorem [f] there exists a unique additive mapping D : A — A satisfying
. Also, the mapping D : A — A given by

1
D(u) = lim gk(v‘;U)

for all u € A.
From and by definition of D, we achieve

ID(u0v) — D(w) o v — 1o D(v)][5 = % 1A 0 790]) — A(3%) 0 %0 — 7°u 0 A1) | 5

1
ﬁn('y‘su,'yév) —0 as § — oo.

Therefore
D(uov)=D(u)ov+uoD(v)
for all u,v € A. Thus, D is a JC*— algebra derivation. O
The following corollary is an immediate consequence of Theorem [28] concerning some stabilities

of .

Corollary 10. Suppose A : A — A be a mapping and there exists real numbers m and w such that

[A(au + Bv) + A(Bu + av) — (a + B)(A(u) + A(v)) ]| 5 i
< mAllllF +Il0llF3,  (15)
[AM(wov) =Au) ov —uoA(v)]|g 7 |[ul[Z]0]1Z;

for allu,v € A. Then there exists a unique JC*— algebra derivation function D : A — A satisfying
the functional equation (@ and
™
2[1 -]’
7lullX
2y ==’
m||ull 5
20y ==’

[AMw) = D(u)l5 < @ # 1 (16)

2w #1
for allu € A.
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